In this paper we have studied the problem of scalar particles pair creation by an electric field in the presence of a minimal length. Two sets of exact solutions for the Klein Gordon equation are given in momentum space. Then the canonical method based on Bogoliubov transformation connecting the "in" with the "out" states is applied to calculate the probability to create a pair of particles and the mean number of created particles. The number of created particles per unit of time per unit of length, which is related directly to the experimental measurements, is calculated. It is shown that, with an electric field less than the critical value, the minimal length minimizes the particle creation. It is shown, also, that the limit of zero minimal length reproduces the known results corresponding to the ordinary quantum fields.
I. INTRODUCTION
The fact that strong electric field creates particle-antiparticle pairs from the vacuum is predicted in the framework of quantum electrodynamics several decades ago [1, 2] . This effect, which is known as the Schwinger effect, has a simple interpretation in the famous Dirac's hole theory -e.g., in the presence of an electric field, virtual particles can tunnel out of the Dirac sea producing particle-hole pairs.
Since the publication of the seminal paper by Schwinger, a great interest is devoted to the problem of particle creation from vacuum by strong fields. Theoretically, the importance of this effect comes from its nonperturbative nature and its relation with other problems such as the black hole radiation and the dynamical Casimir effect. It is widely known, today, that the particle creation effects have many important applications from heavy nucleus to black hole physics [3] .
In experimental physics, the strong field pair production has attracted much attention, especially, in recent years. The field strength required to observe produced pairs is of order of the critical value E c = m 2 e
= 10
16 Vcm −1 (for electron pairs), which seems to be beyond the current technological capabilities. However, in recent years, explicit experimental realizations have been proposed to see the Schwinger effect for the first time [4] [5] [6] . The basic principle of these experiments is the enhancement of the Schwinger mechanism by the combination of a strong slow pulsed laser with a weak fast pulsed laser. It is shown in [4] that the faster pulse gives a multi-photon contribution, which reduces the barrier through which the particle tunnels and leads to an exponential enhancement. Then the Schwinger effect could be observed in the near future.
Quantitatively, in (d + 1) dimensional space-time, the number of created particles per unit of time per unit of volume is [7] N = (eE) 
The important characteristic of this formula is the exponential e −π m 2 eE , which explains the nonperturbative nature of the phenomenon and the existence of the critical value from which the effect becomes appreciable. Since this exponential is independent of the spacetime dimension, the analysis of the effect seems to be the same in arbitrary dimensions.
One expects, also, to obtain a similar exponential with a strong slow pulsed laser because, in such a case, the period of the field is very large compared to the typical time of the particle creation.
On the other hand, as is mentioned in [8] , there are many indications that lead us to believe on the existence of a minimal length scale. This minimal length scale, which is expected to be smaller than the electroweak scale [9] [10] [11] [12] [13] , arises in many theories of quantum gravity such as string theory [14] [15] [16] [17] , loop quantum gravity [18] , black hole physics [19, 20] and in non-commutative field theories [21] [22] [23] .
If such a minimal length exists in nature, it would be of great interest to see how it influences the physical measurements. This explains why various physical problems are reconsidered by taking into account the minimal length. As example, we cite the harmonic oscillator [24] [25] [26] , the Hydrogen atom [26] [27] [28] [29] [30] [31] [32] , the inverse square potential [33] , the Dirac oscillator [34] , and the resonant scattering by a potential barrier [35, 36] . Elsewhere, the influence of the minimal length on the Casimir effect has been communicated in several works [37, 38] . We note, also, that the quantum corrections to the black hole thermodynamics to all orders in the Planck length from a generalized uncertainty principle are calculated in [39] . This kind of studies is motivated by the possibility it offers to put the existence of a minimal length into evidence and the regularization of certain problems in physics (see for instance [33, 40] ). Furthermore, as is mentioned in [41] , since the presence of a minimal length is common to many theories, phenomena such as the Hawking effect and the particle creation, should be critically reviewed.
In this paper we propose to study the phenomenon of particle creation from vacuum by an electric field in the (1+1) dimensional Minkowski space-time with a nonzero minimal length.
As in the case of the noncommutative space-time [42] , we expect that the introduction of a minimal length on the theory of fields could have important consequences on the particle creation. In addition, since the Schwinger effect is expected to be observed in the near future, the minimal length could find an experimental justification through this observation or at least find an important upper bound.
We consider in this paper the canonical method based on Bogoliubov transformation connecting the "in" with the "out" states. In the first stage, we give a short reminder about the particles creation problem and its derivation from the wave functions both in position representation or in momentum one. Then, we consider a scalar particle interacting with an electric field in the presence of a minimal length, where we give two sets of exact solutions for the corresponding Klein Gordon equation. In order to get the good definition of the "in" and the "out" states, we study the limit of zero minimal length. Next, we calculate the pair creation probability and the mean number of created particles from the Bogoliubov coefficients. Finally, we calculate the number of created particles per unit of time per unit of length as soon as the imaginary part of the Schwinger effective Lagrangian.
II. USUAL THEORY OF PARTICLE CREATION
In order to derive the pair creation rate we have at our disposal several methods such as the method based on vacuum to vacuum transition amplitude and Schwinger-like effective action [2, 43] , the Hamiltonian diagonalization technique [44, 45] , the Feynman path integral method [46, 47] as well as the semiclassical WKB approximation [48, 49] and the "in" and "out" states formalism [50, 51] that we shall use in this work.
The "in" and "out" states formalism has been much used in the theory of particle creation and vacuum instability in external fields. This formalism proved most fruitful in finding the probability to create a pair of particles and the mean number of created particles both in the presence of electromagnetic fields or in curved space-time where gravitational fields are present [51] . However, the "in" and "out" states method is based on analytic expressions of the wave functions which is not, in general, possible. Since the constant electric field is described by a linear potential, the corresponding Klein Gordon equation with minimal length admits exact and analytic solutions only in momentum representation. Therefore, the classification of these solutions as "in" and "out" states is not straightforward. Thus, before considering the creation of scalar particles in the presence of a minimal length, let us, first, recall briefly how to determine the "in" and "out" states in ordinary quantum field theory by the use of the momentum space. To our knowledge, there is no report, in literature, on the definition of these states in momentum space. It is obvious that the good definition of these states enables us to calculate the exact probability of particle creation as soon as the mean number of created particles with and without minimal length.
A. Position representation
In position representation the "in" and "out" states are well-defined. Here, we briefly recall their definition. Starting from the (1+1) dimensional Klein Gordon equation that describes the dynamics of a scalar matter field minimally coupled to an external electric
where the 2-vector A µ is given by
We choose to work in natural units system where = c = 1. Let us remark that a constant electric field can be described by two straightforward gauges, namely, the space-dependent gauge A µ = (−Ex, 0) and the time-dependent gauge A µ = (0, Et). In this work we consider the space-dependent gauge because it seems simpler in the presence of a minimal length.
As is known, in order to solve the equation (2), we write ψ (t, x) = exp(iωt)ϕ (x), where ω is the energy of the particle. Then ϕ (x) will be a solution of
By making the change
we obtain the well-known differential equation
whereφ (ξ) ≡ ϕ (x) and
Equation (6) admits two sets of exact solutions that can be written in terms of Parabolic
Cylinder Functions (PCFs) [52] . According to [53] and [54] the classification of these solu-tions as "in" and "out" states is as follows
Now, in order to determine the probability to create a pair of particles and the mean number of created particles, we use the so called Bogoliubov transformation connecting the "in" with the "out" states, which can be obtained by taking into account that γ * = −γ − 1 and using
The relation between ϕ ± in and ϕ
where the Bogoliubov coefficients c 1 and c 2 , given by
fulfil the condition
In quantum field theory, the relation between the "in" and the "out" modes (13) and (14) can be converted into the following relation between the creation and annihilation operators
Therefore, the probability of pair creation and the mean number of created particles will be given in terms of Bogoliubov coefficients. For instance, by considering the probability .
Using the property
we obtain the well-known result
This formulation enables us also to calculate the mean number of created particles and the vacuum persistence. The mean number of created particles in a state ω (the mean number of created particles per state) is defined by the matrix element n (ω) = 0 in a + ω,out a ω,out 0 in , which can be calculated to be
It should be noted that Eq. (25) is derived by considering the commutators â ω,out ,â
with a finite time T and discrete values of the energy ω. If we consider the limit T → ∞, the energy ω becomes continuous so that n (ω) can be interpreted as the number density of created particles or the number of created particles per state.
Eqs. (24) and (25) show that the present choice of "in" and "out" states leads to the exact results of the particle creation. Let us show, in the next paragraph, how these states can be expressed in momentum space.
B. Momentum representation
In momentum representation, the action of the operatorsx andp is given bŷ
and, therefore, the Klein Gordon equation can be written as
In order to solve this equation we factorizeφ (p) as follows
The new function F (p) is then a solution of the following equation
we obtain ∂
with f (η) ≡ F (p) . We remark that the solutions of equation (32) can be written, also, in terms of PCFs.
Here, there is no reasonable criterion to find directly the good choice of "in" and "out"
states starting from the wave equation in momentum space. The resort to the position space is then indispensable. Taking into account that the passage from position space to momentum space can be realized by the Fourier transformation, we obtain the following classification of the solutions
For the calculation of the Fourier transformation of the PCFs one can use equations (5.1) and (5.2) in [55] .
Then, by the use of (12) we obtain the same Bogoliubov transformation as in (13) and (14)φ
Accordingly, this leads to the same probability and mean number as in (24) and (25) . In reality, this result is unsurprising and it can be predicted directly from (13) and (14) . It shows, however, that the Bogoliubov coefficients can be obtained directly from the "in" and the "out" states expressed in momentum space. This will be very interesting in the presence of the minimal length where there is no exact and analytic solution in position space.
III. PARTICLES CREATION WITH MINIMAL LENGTH
Before considering the effect of the minimal length on creation of scalar particles by an electric field, let us, first, give a short reminder about this novel concept. There are many considerations that suggest the existence of a minimal length. For example, in black hole physics [56] , it is shown that the Heisenberg uncertainty principle modifies to be
where β is very small positive parameter and = 1. Such a generalized uncertainty principle (GUP) leads to a nonzero minimal length given by
In addition, since the relation (39) is invariant under the change
would be a mixing between the ultraviolet and infrared behaviors of the field theories, which is called the UV/IR mixing.
The derivation of this GUP by quantum mechanical tools in the one dimensional space and its generalization to arbitrary dimensional case can be found in a series of papers by Kempf and co-workers [24, [57] [58] [59] . It is shown in these papers how the quantum mechanics with GUP can be formulated. Here, we recall, briefly, that the GUP in (39) can be reproduced by considering new operatorsX andP defined bŷ 
Taking into account that X ,P = if
2 + ... , we find that
Then it is easy to show that this modified canonical commutation relation leads to equation (39) . It should be noted that the produced GUP depends on the choice of the function f .
The present choice is suitable for a minimal length. In literature we find other choices that correspond to a minimal length and/or maximal momentum (see for example [60, 61] ).
From equations (41), (42), (43) and (44), we can derive several representations for the operatorsX andP . Among these representations we quote the position representation defined byX
and the momentum representation, where the action of the operatorsX andP is as followŝ
Besides the fact that the present commutation relation provides us with exact solvable model (see for example the works cited above), it offers the possibility to show how the minimal length influences the physical measurements. Then, to see the effect of this minimal length on the particle creation, it is sufficient to consider equation (44) . The use of a more general commutation relation risks leading to a nonsolvable problem and much mathematical difficulties.
In the next paragraph we solve the Klein Gordon equation in the presence of an electric field by taking into account the canonical commutation relation (44) .
A. Klein Gordon equation with a minimal length
Before solving the Klein Gordon equation with a minimal length and studying the creation of scalar particles, let us show that the minimal length theory is consistent with the concept of gauge invariance. To this aim, we consider the free Klein Gordon equation
in the position space representation and we assume that a charged particle described the Klein Gordon equation (50) couples minimally to the electromagnetic field following the general procedure
Then, to the first order on β, the Klein Gordon equation becomes
Here, we remark that this equation is invariant under the gauge transformation
Let us, now, consider a scalar particle of mass m and charge e subjected to a constant electric field E. In the presence of a minimal length the use of the time-dependent gauge, with the assumption that ψ (t, x) = e −ipx χ (t), leads to the following differential equation
To our knowledge there is no exact solution for this differential equation. For this reason we consider the space-dependent gauge. With this choice equation (53) reduces to
The latter equation is of fourth order and, consequently, does not admit exact and analytic solutions. Therefore, we use the momentum representation, where the one dimensional stationary Klein Gordon equation reads
and the action of the operatorsX andP is shown in (48) and (49) .
Then, in the p-representation, equation (57) can be written as
By making the change p → y, with
we obtain a Riemann type differential equation
(1 − y)
where the coefficients a i and a ′ i are given by
and
with
These coefficients satisfy the condition a 1 + a [52] equation (60) admits two independent solutions which can be written in terms of hypergeometric functions as follows
This choice of solutions, however, is not unique. If we use the fact that equation (60) is invariant under the change y → 1 − y and (a, a ′ ) ↔ (c, c ′ ), we can find an other set of solutions {φ 3 ,φ 4 }, wherẽ
Thus, we have succeeded to find two sets of exact solutions for the Klein Gordon equation with a minimal length in the presence of a constant electric field. In the next paragraph we shall use these solutions to study the pair creation.
B. The choice of "in" and "out" states and particle creation
In order to classify our solutions as "in" and "out" states, we consider the limit β → 0 and we compare the obtained solutions with the results of section II (The calculation of this limit is shown in the appendix). As a result, we find that the "in" states are given byφ 1 (p)
and the "out" states are given byφ 2 (p) andφ 3 
Now, in order to obtain the relation between "in" and "out" modes and the corresponding Bogoliubov coefficients, let us use the relation between hypergeometric functions [52] 
to get
where, in this case the Bogoliubov coefficients are given by
where
By the use of (23) and the following properties of Gamma functions
we find
For the mean number of created particles, we have
Since the minimal length is supposed to be small we restrict our discussion to the case when βm 2 ≤ 1. It follows from equation (81) that when βm 2 = 1, the mean number n (ω) = 0. This is, physically, plausible because particle-antiparticle pairs are defined only when the measurable Compton wavelength of the particle is larger than the minimal length.
In figure (1) , we plot the ratio n (ω) /n 0 (ω), where n 0 (ω) is the usual density of created particles (i.e. without minimal length) as a function of the variable βm 2 for various values of Ec E ≡ r. As a result, we remark that the minimal length amplifies the scalar particle creation when Ec E
< 1 and minimizes it when
Ec E > 1. With the available technological capabilities the maximal strength of the produced electric field is less than E c and consequently, the effect of the minimal length is to reduce the scalar particle creation.
As is shown in figure (1) , for small values βm 2 , we see that the minimal length can decrease or increase the pair creation rate. This depends on the value of Ec E . To put this effect into evidence, let us take into account that β is a small parameter and use the approximations and 2π
In such a case, the mean number of created particles by an electric field takes the form
and the probability to create a pair of particles becomes
This means that a nonzero minimal length amplifies the scalar particle creation when Ec E
Ec E > 1, as is shown in figure (1) . In addition, we note that equations (84) and (85) reduce, respectively, to (24) and (25), when β → 0.
Here, we have several remarks to add. As first remark, we note that we have used, for the "in" and the "out" states in ordinary quantum field theory, the choice of [53, 54] . The use of the choice of [64, 65] leads to the same results.
Secondly, it should be noted that, since the Klein Gordon equation is gauge invariant, one expects to obtain the same results by the use of the time-dependent gauge. The proof of this can be done by considering the WKB method starting from Eq. (55) . For instance, the pair creation probability is given, in the WKB approximation, by
Then by the use of the following integral
where K (k) and E (k) are, respectively, the Euler integrals of first and second kind, and by taking into account that E (k) and K (k) have the following expansions for small values of k,
we obtain
This shows that the time dependent gauge gives approximately the same result as the space dependent gauge.
Finally, let us remark that the quantity which is directly related to the experimental measurements is the number of created particles per unit of time per unit of length (in 1+1 dimensions). In the next subsection, we show how this quantity can be calculated.
C. The total number of created particles and the Schwinger effective action
Let us, first, calculate the total number of created particles by doing summation over all states. The total number of created particles is given by
Here, it should be noted that dtdω 2π
can be interpreted as the number of states in the area sandwiched between the equal-energy contours ω and ω + dω, and the equal-time contours t and t + dt in the (t, ω) plane. Therefore, the minimal length as introduced in (44) According to [66] , the integration over energy ω can be replaced by
where the variable x denotes the position at which pairs with energy ω are created. The total number of created particles is then given by
On the other hand, if we write N as
we interpret It follows from equations (93) and (94) that
Here, we remark that for small values of β, N can be put in the form
This equation can be written as
where N 0 is the usual number of created particles per unit of time per unit of length
and the factor 1 − 
where L ef f is the Euler-Heisenberg effective Lagrangian [1] . The probability of pair creation per unit of time and length can be then extracted from the imaginary part of this Lagrangian
In the present case, it is easy to show that the vacuum persistence C k can be written in the form
The vacuum to vacuum transition probability is then
and, accordingly,
Here the symbol
. Then the imaginary part of the effective Lagrangian can be written as
In the small β limit, we get
In addition, if we expand the logarithm function, we find the expression 
which resembles to the well-know result corresponding to the scalar particle creation in the (1+1) dimensional space-time [7] , with the change m 2 → m 2 1 + in arbitrary dimensions.
IV. CONCLUSION
In this paper, we have studied the problem of scalar particles pair creation by an electric field in the presence of a minimal length by the use of the canonical method based on Bogoliubov transformation. Although the corresponding Klein Gordon equation is exactly solved in momentum space, it was difficult to derive directly the pair creation probability. For this reason, we have considered in the first stage the particle creation in ordinary quantum field theory where we have written the "in" and the "out" states in momentum representation.
In the presence of a minimal length, we have distinguished the "in" from the "out" states by studying the limit β → 0. Then, we were able to extract the Bogoliubov coefficients and to calculate the pair production probability and the mean number of created particles. The number of created particles per unit of time per unit of length, which is related directly to the experimental measurements, is calculated.
It is shown that the minimal length minimizes the particle creation when Theoretically, this result could have a strong impact on cosmology. If we reconcile that cosmological particle creation is similar to the Schwinger effect, the creation of superheavy particles with the mass of the Grand Unification scale in the early Universe, which is supposed to have some important cosmological consequences [67] , is then suppressed by the GUP effects. 
